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Abstract

We show how through a multiscale reduction technique, performing the analysis
at orders beyond the nonlinear Schrodinger equation, one can effectively
prove if some nonlinear partial difference equation is not integrable. The
example is carried out on a symmetric discretization of the KdV equation and
is compared to a similar reduction performed on the integrable lattice potential
KdV equation.

PACS numbers: 02.30.Jr, 02.30.1k

1. Introduction

Since the work of Zakharov and Kuznetsov [21], it has become clear how to guess by a
perturbative multiscale analysis if a given nonlinear partial differential equation (PDE) is
integrable or not. A guiding principle in this approach is that, if the multiscale analysis
is applied in the proper way, from an integrable system one must get another integrable
system. So if, starting from an integrable PDE, we find a previously unknown system, this
last will be certainly integrable. Or, if we perform a multiscale analysis of a model whose
integrability property is not a priori known and at a certain order during the expansion we
find a nonintegrable system, we can conclude that the starting model is not integrable. These
considerations opened the way to classify all the first nontrivilal reduced systems one could
obtain in a multiscale analysis and to study the related implications concerning the integrability
of the starting model [1-6]. In this way, these first nontrivial reduced systems were elevated
to the status of models of a somehow universal nature. One of them of particular ubiquitous
character is the well-known nonlinear Schrodinger equation (NLS), which is an evolution
integrable by the inverse scattering transform. The first attempt to go beyond the NLS order
has been presented by Santini, Degasperis and Manakov in [8]. The authors, only demanding
that the series representing the perturbative solution of our problem would remain at any
order a uniformly valid approximation to the real solution, succeeded in removing from the
expansion all the diverging terms, the so-called secularities. With this at hand Degasperis and
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Procesi in [9, 10, 18] finally developed a secularity-free integrability test for a real dispersive
nonlinear PDE. In more recent times in [11-13], the theory developed to test the PDE has
been applied to the case of real dispersive partial difference equations (PAE). The basic
ingredients of this approach are as follows:

o the linear part of the P AE has the plane wave solution e!l*"~©)I characterized by the
dispersion relation w = w (k). Function w (k) is an analytic function of x around k = 0
so that it admits the Taylor series representation

(k) = gwj(ow, wj(k) = ﬁmw(x); (1)

e solution u,,, to a given PAE has a C‘® dependence on a set of slow-time variables
mj = Mjejm,j > 1 and on a slow-space variable n; = Nien, where ¢ > 0 is the
perturbative parameter and M;, j > 1 and N, are real constants possibly such that
ny,mj, j = 1 turn out to be integers. This € dependence allows us to express any 7 or
m shift in the P AE as differential operators involving the derivatives with respect to the
slow variables;

o the real solution u(n,m,ny, {m;};>1,€) was chosen so as to be represented by the
perturbative series

+00 ¥
um,m,ny, {m;}j>1,€) = Z Z SVM](/Q)(WL {m;}i>)E} .
y=la=-y

(—a) _ =(a).
Uy, =Uys

2

En . - ei[/cnfa)(/c)m]

for more details see [20]. In [11], the multiscale analysis of the well-known integrable lattice
potential KdV equation (IpKdV)

M(un+l,m+l - un,m) + é‘(un+l,m - un,m+l) = (un+1,m - un,m+l)(un+1,m+l - un,m)a (3)

was performed until order &3 at which one finds an integrable NLS equation, while in [12] it
was shown that the straightforward discretization of the KdV equation

o 13 2 2
Upnm+l — Upm—1 = Z(un+3,m - 3un+l,m + 3un—l,m - Mn—3,m) - E(un+l,m - un—l,m)’ €]

gives rise to an integrable NLS equation, too. In this paper, we will carry out the multiscale
analysis of equations (3) and (4) up to order &> thus showing that at this order the IpKdV
equation passes the integrability test while equation (4) does not.

This paper is organized as follows. In section 2, we will recall the main results on the
integrability test based on multiscale analysis contained in the works of Santini, Degasperis
and Manakov [8] and in those by Degasperis and Procesi [9, 10, 18]. In particular, we will
recall the notion of asymptotic integrability and all the asymptotic integrability conditions
which have to be satisfied to pass the test at a certain order. Here we will present for the first
time the so-called A; integrability conditions. Then in sections 3 and 4, after we recall the
results contained in [11, 12] about the reduction of equations (3) and ( 4) until the NLS order,
we will examine the higher orders in the reduction process, thus giving an analytic evidence
of the nonintegrability of equation (4).

2. The orders beyond the NLS, equations and the integrability conditions

Let us emphasize the fundamental role covered by the higher orders in setting up an integrability
test for nonlinear differential equations. The importance of the following considerations is
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in the fact that everything we will say here remains the same even if we consider nonlinear
partial difference or differential-difference systems. The first attempt to go beyond the NLS
order has been presented in [8] and the authors, starting from S-integrable models, through a
combination of an asymptotic functional analysis and spectral methods, succeeded in removing
all the secular terms from the reduced equations they found order by order. Their findings
could be summarized as follows:

o the number of slow-time variables required for amplitudes u* coincides with the number
of nonvanishing coefficients w, (k) defined in equation (1);

e amplitude u(ll) evolves at the slow-times #,, n > 3 according to the nth equation of the
NLS hierarchy;

e amplitudes u{l’, m > 2 evolve at the slow-times #,,n > 2 according to certain linear;
nonhomogeneous equations supplemented by some asymptotic conditions on functions
u‘(,}), p > 2 themselves.

Thus, one can conclude that the cancellation at each stage of the perturbation process
of all the secular terms from the reduced equations is a sufficient request to uniquely fix
the evolution equations followed by every ), n > 1 at each slow-time. The result in the
second point should be expected as a hierarchy of integrable equations always represents a
set of compatible evolutions for a unique function u at different times, or the equations in this
hierarchy are generalized symmetries of each other; for more details see [7, 19].

Although this procedure provides the most general necessary and sufficient conditions
to get secularity-free reduced equations, it is not necessary to maintain such a functional
approach to develop an integrability test. A recursive technique proves to be more suitable.
As illustrated in [9, 10, 18] the authors, through a detailed multiscale reduction of the spectral
problem associated with an S-integrable equation or of the linearizing process associated with
a C-integrable system, showed the following.

Theorem 1. If a nonlinear PDE is (C or S) integrable, then under a multiscale expansion,
functions 'V, m > 1 satisfy the equations

m
By = Ka[u)], (5a)

n

M = £, My=8, - K [u"], Vi n>2, (5b)

where K, [ui”] is the nth flow in the nonlinear Schrodinger hierarchy and f,(j) is a
inhomogeneous nonlinear forcing term . All the other u',k > 2 are expressed in terms
of differential monomials ofu;l), o <m.

In other words, integrability is a sufficient condition for harmonics u{”,n > 1 to satisfy
equations (5), or equations (5) are a necessary condition for integrability. In equations (5b),
K/ [u]v is the Frechet derivative of nonlinear term K,,[u] along direction v defined by

d
K, [ulv = —K,[u + sv]|s—o,
ds

i.e., the linearization near u of K,[u] along direction v. If K,[u] depends explicitly on

X, 0, U, Uy, Uyy ..., 0L, ldy, lyy, . .., the explicit expression of K, [u]v is
, 0K, 0K, K, 0K, 0K, _ 0K, _
K, [ulv= v+ Uyt — Uyt o+ —— 0+ — U+ —— Uy +---.
ou ouy Ol yy it 0l Ol

For future use, we note that operator K, [u] is a linear operator when it acts on a linear
combination of functions with real coefficients. Equations (5a) represent a hierarchy of
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compatible evolutions for the same function uﬁl) at different slow-times. Those evolutions are
characterized by the commutativity condition

M, Ky — MK, = 0. (6)

In contrast, as we will see, the compatibility of equations (5b) is not always guaranteed
but is subject to a sort of commutativity conditions among their rhs terms f,(j)’s. These
last commutativity conditions will be the cornerstone of our integrability test. We have the
following.

Theorem 2. Operators M,, defined in equation (5b) commute among themselves. Once we
fix index j > 2 in the set of equations (5b), theorem 2 implies the following compatibility
conditions:

Mifu(G) = M fi (), Vik.onz=2, )

where f,(j) and fi(j) are functions of the fundamental harmonic u'} with 1 <m < j — L.
The time derivatives 3, , 3, ofu') appearing in My and M, respectively, have to be eliminated
using the evolution equations (5a), (5b) up to index j — 1.

Let us continue illustrating the results of Degasperis et al. As relations (5) imply an
infinite number of asymptotic symmetries for the PDE under investigation, Degasperis et al
[10] stated the following.

Conjecture 1. [fa P DE admits a multiscale expansion with functions u'V, m > 1 satisfying
equations (5)Yj, n = 2, then the equation is (C or S) integrable.

In other words, the conjecture affirms that the relations (5) are a sufficient condition for
integrability or that integrability is a necessary condition to have a multiscale expansion where
equations (5) are satisfied. Let us consider the following definitions:

Definition 1. A differential monomial p[ug.l)], Jj = 1, in the functions ugl), their complex
conjugates and their & -derivatives are of ‘gauge’ 1 if the following transformation property,
~(1) i0 1 ~() . e, (1
p[a'"] = e p[u"]. i) =eul,
is valid;

Definition 2. The order of a differential monomial p[u;l)], j = 1, in the functions ui.l), their
complex conjugates and their &-derivatives are

order (Bg’uy)) = order (8;”&5-1)) =m+ ], m > 0;

Definition 3. A finite-dimensional vector space P,,n > 2 is the set of all differential
polynomials of gauge 1 and order n in the functions u&l) , J = 1, their complex conjugates and
their &-derivatives;

Definition 4. P,,(m), m > 1 and n > 2 is the subspace of P, whose elements are differential
polynomials of gauge 1 and order n in the functions u;I), their complex conjugates and their
&-derivatives with 1 < j < m.

From definition (4) one has that P, = P, (n — 2) and moreover one can see that in general
K,[u"1 € 87u}" U Pyri(1) and that f£,(j) € Pjun(j — 1), where (j,n) > 2. The basis of
differential monomials of spaces P, (m) can be found in [20]. We have the following theorem

[9].
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Theorem 3. If for each fixed j > 2 equation (7) with k = 2 and n = 3, namely M, f3(j) =
MG f>()), is satisfied, then there exist unique differential polynomials f,(j) VYn > 4 such that
the flows Mnuﬁl) = fu(j) commute for any n > 2.

Hence among the relations (7) only those with k = 2 and » = 2 have to be tested. The
following theorem ensures that the multiscale expansion (5) is secularity-free.

Theorem 4. The homogeneous equation M,u = 0 has no solution u in vector space Py, i.e.,
Ker(M,)NP,, =0.

Finally, we define the degree of integrability of a given equation.

Definition 5. [f the relations (7) are satisfied up to index j, j > 2, we say that our equation
is asymptotically integrable of degree j or A; integrable.

2.1. The integrability conditions for the N LS hierarchy

In this subsection, we will present the conditions for asymptotic integrability of order n or
A, integrability conditions for n = 1, 2, 3. To simplify the notation, we will use for u;l) the
concise form u(j). First, for future convenience, we list the fluxes K,,[«] of the NLS hierarchy
up ton = 4:

Ki[u] = Aug, (8a)
.. o
K>[u] = —ipy I:Mgs + —2|u|2u] , (8b)
P1
. 3;02 2
Ki[ul=B Uges + p—|u| ug |, (8¢)
1
3
Kalu] = —iC {uéégé + 2 [2—’)2|u|4u + duPuge +3uin + 2lug Pu+ uzﬁgg] } : (8d)
L1 L1

and the corresponding K,’, [ulvupton =3:

Ki[ulv = Avg, (9a)
K/ . P2 o 2
slulv = —ipy §vee + p—[u v+ 2|ulv]y, 9b)
1
12 3p2 2 — —
Kilulv = B Jvgge + —[|u|"ve + ifugv + uug vl ¢, 9c¢)
P1

where A, p;1, p2, B and C are arbitrary real constants.

The A, integrability condition is given by the reality of coefficient p, of the nonlinear
term in the NLS equation. It is obtained by commuting the NLS flux K,[u], where p; and
P> are supposed complex, with the most general flux that belongs to the same vector space of
K3[u]. This vector space is a§u§1> U P4(1) and the flux is Bluges + t|ul?us + pu’iie], with
B, T and p being complex constants. Let us remark again that, if we start from an integrable
model, the resulting NLS equation should be integrable as well and, as an integrable equation,

it should be part of a hierarchy of equations like (5a). This commutativity condition gives, if
02 #0,
Im[p;] = Im[B] = Im[p;] =0, T =30/ p1, u=0. (10)
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If p, = 0, it follows T = p = 0 and no conditions on B and p; (although in general they are
real).

The A, integrability conditions [9, 10, 18] are obtained choosing j = 2 in the compatibility
conditions (7) withk =2 andn =3

My f3(J) = Mz f2()). (11)

In this case, we have that f>(2) € P4(1) and f3(2) € Ps(1) with dim(P4(1)) = 2 and
dim(Ps(1)) = 5, so that from the basis of monomials we derive that f,(2) and f5(2) have the
form

£2) = aus (D)|u()* + bis (1)u(1)?, (12a)

£(2) = alu(D*u(l) + Blug (DPu(l) + yue (1)2a(1) + Sige (Du(1)* + €lu(1)Puge (1),
(12b)

characterized by 2 and 5 complex constants. If p, # 0, eliminating from equation (11) the
derivatives of u(1) with respect to slow-times #, and #3 given by the evolutions (5a) withn = 2
and n = 3, we obtain two A, integrability conditions

a=a, b=>b. (13)
If p» = 0, we have no conditions on a and b. The expressions of «, 8, y, §, € in terms of a
and b are
_ 3iBpaa _3iBb 3iBa

o= , Ly = , §=0, €=y. (14)
4p7 P o T 2 4

The Aj integrability conditions are derived in a similar way setting j = 3 in equation (11).
In this case, we have that f>(3) € Ps5(2) and f3(3) € Ps(2) with dim(Ps5(2)) = 12 and
dim(Ps(2)) = 26, so that f>(3) and f3(3) will depend, respectively, on 12 and 26 complex
constants

HB) = tluD*u(l) + lug (D Pu(l) + talu (1) Puge (1) + taiiee (Du(1)* + tsue (1)?a(1)
+ 7ot (2)|[u(1)* + T ()u(1)? + tgu(2)a (1) + ou(2)|*u(l)
+ 710U (Que (D (1) + Tu )it (Du(1) + 1128 (2)ue (Du(l), (15a)

£3) = yilu)*ug (1) + yalu(D)Pu(D)?ig (1) + y3lu (D) Puges (1) + yau(1)3iiges (1)
+pslus (DPue (1) + yeites (Dug (1)u(1) + prues (1)ize (Du(1)
+yguge (Dug (D) + yolu(D[*u(2) + yiolu (D) Pu(1)*@(2) + ynite (Du(2)?
+y12us (D) + yizlue (D Pu(2) + y14lu@)Pu(2) + yisug (1)*@(2)
+y16lu(D) Puge (2) + yiu(1)?iige (2) + yisu(Qiies (Du(l) + yrou(2)uge (Di(1)
+ 20l (Quge (Du(l) + ya1uug ()i (1) + yrnit(2ug (2)u(l)
+ya3ue Que (Dia(1) + yagug (2)iig (Du (1) + yasite ()ug (Du(l)
+ yasite (D)u(2)u(l). (15b)

First, we eliminate from equation (11) with j = 3 the derivatives of u(1) with respect to
slow-times #, and #; using the evolutions (5a) respectively with n = 2 and n = 3 and the
same derivatives of u(2) using the evolutions (5b) with n = 2 and n = 3. Then, indicating

6



J. Phys. A: Math. Theor. 42 (2009) 454018 C Scimiterna

with R; and /; the real and imaginary parts of 7;,i = 1, ..., 12, we obtain the Aj integrability
conditions when p; # 0
I b—a)l 1 R —b)I 1
R = _ o Ry = Ll aln R = Re, @=bs alp
4p1 2p, 2p, 2 4p; 4p2
R —b) 2b —a)l 1 —b)I
R5=—2+(a )6+( a)127 Ry = I8 R7=R12+(a )8’
2 Yo 40, 02 02
(a—2b)lg
Rg = Ry =0, Rio = Ry, Ry =R12+p—,
2
(b+a)R12 p111 12—13 —2]5 [2b(a—b)+a2]lg
= —+—+ + > , I; =0,
4p; P2 4 4p5
Iy =213, Lo = I, Iy = I + I1a. (16)

Although in [9, 10], it was already reported that these conditions would consist of 15 real
equations so that f,(3) and f3(3) will be parametrized by 2 x 12 — 15 = 9 real constants, the
precise form of those equations was not given and it appeared in [20] for the first time. For

completeness, we give the expressions of y;, j = 1,...,26 as functionsof 7;,i =1, ..., 12:
3B . 2612]8 .
V=55 —2bRyp — 8,01[1 + 2([2 -2 — 2[5),02 + l(b —Sa)ls + —3ial, |,
807 02
3Ba |[. (a —2b)Ig 3iBt3 3iB1;
Vo =—— |ilg+ ————+112|, Vi=—m— va =0, Ys= 75—
4p; 02 2p1 2p
3iBty 3iBts 3B(,02[6 + 3ai13)
Yo = , Y1 = Vs, Y8=y3+ ; V=,
01 P1 4p7
3IB,02R6 0 3iB7,'9
Yio= —fH7 53 > Y =V, Yi2 = )
207 2p1
3iB‘511 3iB‘512
Y3 = —F/—, v14 =0, Yis = ,
2p1 2p1
3iB‘EG 3iB‘L’1() SiB‘L'g
Y16 = , 717 =18 =0, Yo = , Y20 = Y15, V21 = ;
201 2p1 p1
3iB‘L’7
Y22 = Y12, Y23 = Y16 + Y195 Y24 = Y13, Va5 = o v =0. (17
1
If p» = 0, the Aj integrability conditions turn out to be
i _
7 = ——[b(t1] — 276) +ar], bt; = (b —a)(T11 + 110 — T6) + a1y,
4p1 2
atg = btg =0, atg = bty =0, aty = a(tyg — 111) + btg + ary,
(b—a)r, = b —a)rp, (18)
and the expressions of y; as functions of t; are
3B . - 3B _
Yy = ——z(ar(, —4ip;T + b1yp), Y2 = ——z(b"-'e +ary). (19)
401 4pi

Other y; are given in equation (17) (note that, given the conditions (18), from the expressions
of y9 and yjo one deduces that 9 = yj;9p = 0). Also in this case the conditions given in
equations (18) appear to be new. Their importance resides in the fact that a C-integrable
equation must satisfy those conditions (in this case, equation (80) is linear and corresponds to
set p, = 0).
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3. Multiscale reduction of the lattice potential KdV equation (IpKdV)

Here we present the multiscale reduction of the IpKdV equation (3) up to order &>, thus
showing that this equation is (at least) A3 integrable. In [11], the IpKdV equation was shown
to be (at least) A integrable. Let us briefly review the main results of this reduction.

(1) Order y = 1.

e o = 0: at this order, equation (3) is automatically satisfied;
e o = 1: one obtains the dispersion relation

w— ;eiK

e = 27 (20)
per —=¢
which, solved, gives
+
w (k) = 2 arctan (é‘ i tan E) ; 21
w—<¢ 2
(i1) Order y = 2.
o —=1:
N
1 . 1
(€0, — duu}” = € == (22)
Defining
Ni=+£85e ™ (ue* —¢), My = —Se*(ue ™ +0), SeC, (23)
one obtains € = £1, which means that
i (ny, fm})) = u? (na, {m;)5,), ny =ny+em (24)
(with ; defined in equation (1)). The complex constant S = r &', r > 0, is to be chosen
so that & = —arctan[¢ sink /(¢ cosk — w)] in such a way that Ny and M| are indeed real
numbers. Taking into account the dispersion relation (20), N| and M, can be rewritten as
_ I
Ny =€eS(u—¢e"), M =Se“>—-——; (25)
pe —¢
e a=0:
2
ey = ey [ul" ] (26)
o =2
6) 12 : I +e*
=ou; = —"——; 27)

(1 —e")(u+¢)’
(iii) Order y = 3.

o =1:

(O, — €3 )ul =0, (28a)
2

Oyt M _ ,0182 My 0 u(1)|u _P2 o, (28h)
L1

. w¢Misink N} L 8cu(C — w1 +cosk)?sink -8
P= ey = LY P2 =47 1222 5. (28¢)
2(u*—¢%) 2 2n+8)(E+ W& cos k)
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The first relation says that uél) depends on n; too while the second one is an NLS equation
giving the evolution of uﬁl) according to slow-time m;.

Theorem S. Equation (28b), whose coefficients are defined in (28c), is an integrable
(continuous, defocusing) nonlinear Schrodinger equation, its integrability arising from the
manifest reality of its coefficients. This proves the A| asymptotic integrability of the IpKdV
equation.

From the above NLS equation (28b), one derives the continuity equation
O dV = o180, s, AV =[PP Y = i@ a,ul” —c.c.), (29)

where we used symbols d! and Jz(l) to indicate that those quantities represent, respectively,
a density of a conserved quantity and a current density. Differentiating by m, equation (26),
using continuity equation (29) and integrating with respect to n, setting equal to zero the
arbitrary n;-independent integration function (all the uf[") S g0 to zero as nparrow % 00), we
get

Ot = a1 p1 1. (30)

Equation (30) will be used in the following subsections.

3.1. Higher orders in the multiscale expansion of the IpKdV equation

We now give a detailed exposition of the multiscale analysis at the orders beyond the NLS
scale. To do so, we need to present first the behavior of the higher order harmonics at this
order.
e o = 0: taking into consideration equations (20), (25), (26), (30) and the fact that uio) and
u(ll) depend on 7, and choosing ug)) as a field depending on n,, we obtain
. 2sin(k)
3 = )
(n+¢)
where we introduced symbol d® to indicate that this expression represents another density
of a conserved quantity;

) = d®, d? = (uVas’ +c.c) + p3 s, 31)

e o = 2: taking into consideration equations (20), (25), (27) and the fact that both u(ll) and
uéz) depend on n,, we have
2eSe(u — el 2iN
u;z) = uil)[a_g&nzuﬁl) +2a2ugl)], o3 = (n=ge) _ 1% . (32)

TEE D2t s
e o = 3: using equations (20) and (27), we obtain

uf = odui”. (33)

With these results at hand we can go over to the higher order.

(iv) Order y = 4.
e o = 1: taking into account equations (20), (25)—(27), (28b), (30)—(32), that

ugo), uéo), uil), uél) and M;z) depend on n, and that (see sections 2 and 2.1) amplitude

uﬁl) evolves at slow-time m3 according to the complex modified KdV equation (cmKdV')

30 2
Bmgu(ll) - B (B,fzuil) + ?|u§l)| E)nzugl)) =0, (34

we get
(O, — €3y = Na(ul”, us). (35)

9
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Here, _/\/2( g ), ug )) is a nonlinear function in uil

function in ué ) and its complex conjugate. As seen before in equations (24), (28a), the rhs

of equation (35) depends on 7, so that it is in the kernel of the linear operator on the lhs and
consequently it is a secular term. In order to remove this secularity, we have to demand that
both the rhs and the lhs be equal to zero. We obtain

) and its complex conjugate, and a linear

(B, — €3 us’ =0, (36a)
Oty — K5[ui Jus? = N3 (u), (36b)
KAl el = ipn 02+ 2 i 4 2l

The first relation shows that u ) itself depends on n,. In the second relation, which comes
directly from J\/’z( 51) , uél) ) =0, N, 1( ) is another nonlinear function involving only u(l)
and its complex conjugate and Ké[ %1)] () is the Frechet derivative of the NLS flux Kz[ (1)]
(see section 2.1). Term N (u(ll)) depends on the free real constant B appearing in equation
(34) Choosing coefficient B so as to eliminate any dependence in the resulting equation on
83 "‘1 , we obtain

8m2u§1) Kz[ (1)] ;l) bu§1>2a,,2-<“ +a|ull)| 8,12u(1) (37a)
2 —cos
a = —Nypycotk, b= a=S0K b =a—2p 00 (37b)
COSs K
= L[(u +02+2uL cosk) cosk — 4uc] (37¢)
3M3(5% — p2)?
N3
= —0)3
M;

A particular solution of the nonhomogeneous equation (37a) is given by

ca oy [ 2 b—a,
Spart. = —12—p1u1 /g wlul’ (nh)|"dnh +i 2 Byt (38)
where &) is a real constant. The elimination of any term of form 832u§l) from the rhs of
equation (37a) is justified from the following theorem:

Theorem 6. If a function q(x, t,, t;) evolves according to equation 9, q — K,.[q] = 0 and if
K[q] is such that [K,, K11 = O (cfr. equation (6)), then term 0, q — K[q] is secular for
equation (B,r — K,’[q])qb(x, t,) = fr(x,t,q,qx,...), where f.(x,t.,q,qx,...) s a generic
forcing term and ¢ (x, t,) is a generic function of its arguments.

Proof. It is sufficient to show that 9, g — K;[g] solves the homogeneous equation. In
fact we have (3, — K/[¢1)(d,q — K;lq]) = 9, (3,9 — Kslq]) — K/[q1(0,q9 — K,[q]) =
3,3,9 — 8, K,lq] — K[q19,.q — K]lq13,q + K/Ig1K, = 38,9 — 0, Klg] — K][1K, —
3, K,[q)+ 9, K,[q]+ K|[q]K, = B, (0,9 — K/[q1) — [K,, K], = 0. O

Notation ét/, indicates differentiation with respect to a possible explicit dependence of
various K,,[g] on the slow-times. From the proof it is clear that, when various K,,[¢] do not
exhibit an explicit dependence on the slow-times, the two terms 9, g and K (q) are indeed
separately secular. If the ths of equation (37a) contains a term of form 83 “1 , it is always

10



J. Phys. A: Math. Theor. 42 (2009) 454018 C Scimiterna

possible to evidence in it a term of form K; [uil)], the flux of the cmKdV equation (34),
which, from the above theorem is secular.

Theorem 7. The coefficients of the rhs of equation (37a) given by equation (37b), obviously
satisfy the A, integrability conditions (13). This proves the A, asymptotic integrability of the
IpKdV equation.

Let us now present the results we get at order y = 4 for the other harmonics. From equations
(29), (34) and (28b), (31), (37a) we get respectively the continuity equations
Oy dV = B8, Y, (39a)

Oy d® = 0,17 (39b)

As before with J3(1) and JZ(Z) we have indicated the current densities related respectively to
densities 'V and d®

3p
1 . 2 14 1 —(1 (1 1 1 3
J;) = <—1|M§)| +u§ )832145)_ |8n2M1)| +I/t( )82 ()), ( 9C)

I‘Lz
. — 2 _ 23] 4
B2 = —pios (@92 ul? —2|8,,ul” | +uV02 ") + |:(a +h)o - p2p3i| uV|
+ipra (i) 9,2 +u8,,a —c.c.). (39d)

Combining equations (39a) and (39b) with equations (26) and (31) respectively, give the
relations (as usual the arbitrary n;-independent integration functions have been set to zero to
match the asymptotic conditions on u*)

0 1 0 2
Oyt = a; BJLY, Oy = I, (40)
necessary for the following computations:

e o = 0: taking into account equations (20), (25), (26), (27), (28b), (30), (31), (40), that

uﬁ"’, ug)), uﬁl), uzl) depend on n, and choosing ugo) dependent on n,, we have

du =d®, (41)
d(3) = 1,0 ( 1)8n2u(1) (1)8,1214(1) CC) + (uil)ugl) + ﬁgl)ugl) + |u(21)|2)

My oy M} #0902 uD 4 42 7O
2 | | +EOZ 3,12 +Ml 3
(a — ,3)
4sin?(k/2) — 1
. sin”(k/2) ’3n2 51) 2 :
cosZ(k/2)

e o = 2: taking into account equations (20), (25), (26), (27), (28b), (32), (33) and that

u(lm, u(l) él), uéz) and Mgz) depend on n, we have

2
[07
—3[(8,,214&1))2 + u§1)32 ul? cos k]
o)
+on(2uVul? + uS?) + a3, (3 ul"); (42)
e o = 3: taking into account equations (20), (25), (27), (32), (33) and that u\", u$” and
uf) depend on n,, we have

uf) = aZ[Sazu +2a3(3n,u(]))]u(ll)2; 43)

. 2
uf = 205 (1 +4sin’(c/2)[uf” [ uf"? +

11



J. Phys. A: Math. Theor. 42 (2009) 454018 C Scimiterna

e o = 4: taking into account equations (20), (27), (33) we obtain
uld = adulD?, (44)
With these results we can go over to a higher order.
(v) Order y = 5.

e o = 1: taking into account equations (20), (25)—(27), (28b), (30)—(34), (37a)-(37¢),
(39¢), (39d), (40)—(42), the fact that u'”, 1, ul”, u'", ul", ul", u$?, u$? depend on n,
and that (see sections 2 and 2.1)

Oty — K3[ulP]us” = £32), (45)

. 3 ’
amu(l“ﬂc{a;‘z O+ 2[2_"2|u§1>| "+ 4V 02 ul”
L1 P1

+3a" (8,,ul") +2[8,,ul" Pu + 5”2832:25““ =0, (46)

where K;[u]v is given by equation (9¢) and f3(2) by equation (12) and (14), we obtain

(O, — €Bmuy” = N3l us”, us). (47)

Here, /\/3( gl), ugl), ugl)) is a linear function in ugl

function in ui” and u;]) and their complex conjugates. As seen before in equations (24), (28a),
(36a), the rhs of equation (47) depends on 7, so that it is in the kernel of the linear operator
on the lhs and consequently it is a secular term. In order to remove this secularity, we have to

demand that both the rhs and the lhs be equal to zero. We obtain

) and its complex conjugate, and a nonlinear

(8, — €8, )uy’ =0, (484)

Oty — K5[ui us? = N (), ug?). (48b)

The first relation shows that ufll) itself depends on n,. In the second relation, which comes
directly from /\/3( 51), uél), ;l)) =0, _/\/31( 51)’ u(2 )) is another nonlinear function involving

uil), uél) and their complex conjugates. Now the term ./\/31( gl), u(zl)) contains the free real

constant C which is chosen so as to eliminate any dependence of the resulting equation on
a;‘zuﬁ”. From theorem 6, the presence of this term can always introduce a dependence on the

secular term Ky [uil)], the flux of equation (45). So we obtain

Ot — K5[uPus? = 3, (49a)

e Myt —20p2% + % +8ug (u? + ¢%) cos i +2u*¢ % cos(2«)] i
K

€= 12My (i — ¢2)?

= Lo, (49b)

where the forcing term f,(3) is given by equation (15a).

Theorem 8. Term f,(3) appearing in equation (49a) obviously has all its coefficients
that satisfy all the fifteen As integrability conditions (16). This proves the As asymptotic
integrability of the IpK dV equation.

12



J. Phys. A: Math. Theor. 42 (2009) 454018 C Scimiterna

Due to the fact that the 12 complex coefficients of f>(3) respect the A3 integrability conditions,
they can all be expressed in terms of a convenient nine-dimensional real basis. The base is
defined by Ry, I}, Ry, I, I3, Is, Rg and Ry, I}, (see equation (15a)) and given by

(=23 + 16 cos k + cos(2k)) cot?(k /2)

Ry =0, I = —p2 , Ry =0
2(u+¢)?
29 — 24 +7cos(2 1
I = N, P2 TeosCO) -y ey 3es o, (50)
12 sin? k 6
1
Is = —ZNIZ(I +2csc’ k) pa, Rs = Rz =a, I = 0.

4. Multiscale analysis of the symmetric discretization of the KdV equation

Let us briefly review the main results of the multiscale analysis of the symmetric discretization
of the KdV equation obtained in [12] until the NLS order.

(i) Order y = 1.
e o = 0: at this order, equation (4) is automatically satisfied;
e o = 1: we get the dispersion relation

sinw = a sin’ «, (5D

which is used to express « in terms of x and w;
(i1) Order y = 2.

e =0:
Bty =0, (52)
and we choose uﬁo) =0
ea =1:
N
1 . 1
(et = )i’ =0, e=—ror (53)
Choosing
N; = £Ssink cosw, M; = —-3Scosk sinw, 54)
where S is an arbitrary real constant, one obtains € = =+1 so that uil) is a function of
ny, =ny +emy;
e =2:
%)) 12 . ﬂ Sin(2/c) CSCw
= , = — ; 55
2 a2t 4(4 cos3 Kk — cos w) (55)
(iii) Order y = 3.
e =0:
© M2 1 Ny
U, =a|]ul , o =§,Bcota)tani<=—ﬁl,36, (56)
ex =1
(B, — €0 )uy’ =0, (57a)
. 2
18,,,214(11) = p,ajzu?) +,02u§1)‘u§1) , (57b)
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3 2 2

N;
P = —WD +3cos(2x) — cosw)]tanw = —sz,

B2[5 + 3 cos(2k) — 16 .cos® k cos w + 2 cos(2w)] sin k tan k csc(2w)
B 6M5(4 cos’ k — cos w)
_ (a1 +op)psink secw
= M .

P2

(57¢)

Equation (57a) shows that u, o depends on n, while equation (57b) is an NLS equation giving
the evolution of ”1 ) in slow-time .

Theorem 9. As p, is a real number; the A, integrability condition, equation (10), is satisfied
and the obtained N LS equation is integrable. Hence our starting model (4) is A:-integrable.

4.1. Higher orders in the multiscale expansion of the symmetric discretization of the KdV
equation

We now present the multiscale analysis at orders beyond the NLS scale. As everything
resembles the case of the IpKdV equation, we will state only the results thereby showing the
nonintegrability of this equation.

(iii) Order y = 3.

o =2:
ugz) = a3u11)8 u( ) 4+ 20{2u(1)u;l),
iSeB sink{[1 + 16 cos’ k cos w — 2 cos(2w)] cos(2x) — 3 cos(w)} (58)
oy = — :
} 4(4cos’ k — cosw)? sinw
o o =3:
sin(3x
u§) = o, o= £ oin(io) —; (59)
{[1+2cos2k)]? +4sin? w — 3} sinw
(iv) Order y = 4.
o a=0:
u® = o (1P +C.C.) + py I,
1 - QY] (1
Jy) = =iy 0,,uy’ —C.C.), (60)
N SeB[2 + 3 cos(2k) — cos(2w)] csc w sec k tan k _ eMhaipy
P3 = 12 = M,
o =1:
a,,,zu;” — Ké[uﬁl)]ugl) buﬁl)zanz'(l) +a|ull)| O, U El), (61a)
g _3BM3,02 + 6N, pa cotk can? o + Bsec w[2N;(a + ap) cosk + (iaz + p3) Sil’lK]’
M M,
(61b)

14
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b B sec w[—Nj (a1 + ) cos k + p3 sink] — 3N My, cot k tan w

M, ’
B~ €S53{21 + 18 cos(2k)[2 — cos(w)] — 32 cos(2w) + cos(4w))
N 8M;
N
-COSK secwtanw = —ws. (61c)
3

Theorem 10. The coefficients of the rhs of equation (61a), given by equation (61b), respect
the two A, integrability conditions (13). This proves the A, asymptotic integrability of the
symmetrically discretized KdV equation.

oo =2

uf) = 20[%(0[1 + oy + a5p2)|u§1)|2u§1)2 + [a38 + az(n + le)](a,,2 il))2

+ [a38 +an (71 + le + 2p1a2a5)]u§1)352u§1) + 0o (2u§1)u§1) + uém)

2M, cos(2w) csc(2
+a38nz(u§1)u§1)), I (Qw) csc(2x)

, 62
5 (62)

5= 3ieS cosk[4 cos k cos wcos(2x) — cosRw)]

2(4cos3 k — cos w) ’

. 352 cosk cos w[cos @ + 3 cos wcos(4k) + 6cos k sin?
T =

1.
2(4cos3 k — cos w) ’
e o =3:
uf) = a4[3a2u;1) + (oo F + 053)(8n2u§1))]u§1)2,
P 24ie S cos’ k cos w[4 cos’ (2k) — cos(Rw)] . (63)
T 1+ 2c0s(26)][3 + 6 cos(2x) + 3 cos(4k) + cos(6k) — cosRw)]’
oo =4
uf) = Goy(ay + 20[4)1451)4,
N B csc w sin(4k) . (64)
" 4{—4[cos k + cos(3k)]? + cos @ + cos(3w)}
(v) Order y = 5.
e a=0:
_ _ _ _ 2
uio) = —ip3 (uél)anzuﬁl) + u(ll)anzuél) — C.C.) + o (uﬁl)ugl) + uﬁl)ugl) + |u§1)’ )
+f | + g[8 + 0 (V925" +C.C.),
N, B(a? +2a? 3BM
fE-a [(a+b) a —,02,03] M+ 16(ed +203) + L
M, 2 2 2p1 (65)
. —3BM;a; +N13 B —6aa1)+M13a16+6M2,01,03
g=- :
3M1€
h= 6BM3O[1+N]3 (,3—66(()[1)+M?0[16—6M2,01,03_
o 6M1€ ’
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o =1:
dmus” — K5[ul"]us” = £203), (66a)
C= S*{—3[404 + 549 cos(2x) + 126 cos(4x)] cosRw).
B 128 M,
N 3[73 + 78 cos(2k) + 9 cos(4x)] cos(4w) — [2 + cos(2k)] cos(bw).
128M,
.\ .997 + 1358 cos(2k) + 405 cos(4k)} sec w tan @ _ N_fw’ 66)
128M, M,

where the forcing term f>(3) is given by equation (15a). The real and imaginary parts of
the coefficients 7;,i = 1..., 12 of f,(3) are given by
R =0,
2Bp1 sink[12Nja3asp1 secw + (3BMsa; — 2M,py p3) csc w tank |
12N1 M2,012
3aBM 3CM 1 2(2a; + 3ay) sink sec
2 23,02+ 42 — —M)tanw ,0% — pa; e ®4) sink @
4M2pl 2M2p1 2 M2
Bl(a +b)Maay + Ny (of +2a3)B] cscwtank sink
6N\ M,

I = 02

s

Ry =0,
2[CM4+9INEMop (1 — csc? k + cot® k sec” w) — M3 pf tan o |
12 = P2
M;p1
9B M;N; cotk tan® @ [bBM3
— , —3
M;p,
N} csca)sinlctan/cﬁ2 N cosk secw . 2p; cscw sink tan K 5
oM, M 3N, &
N secw(iaz cosk — 2Njo; sink) N B M5 csc wsink tan k
M, 3N M,
N 2csck seck + 3sec w(3cosk cotk tan® w — 2 sink)
3M,

+ (a +2b)N; cot k tan? a)]
201

o]

N{Bay,

R3; =0,
Nicscwsinktank , BM;scscwsink tank
B 18M, B 3N, M,
N 2 csc k sec k + 3 sec w (3 cos k cot k tan® w — 2 8ink)
6M,
B sec o{ N, (ia3 + p3) cos & — [a38 + aa(2N] + 7 + 2000501 | sink }
+ "
Bo103 csc w sin k tan k |: BM;
+ —3a
3N; 2M>p1
+4CM4 — 2M3p? tanw + 9N; (N1 M, ) cotk — BMs3) cot k tan® @
M, p

13 = o

N{ Bay

+ Njcotk tan® a):|

P2,
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N?Zcscwsink tank 3

I = 18M, /32+§N1(2b+3N1pzcot/<)cot/ctan2a)
N CMyp _ B M3 csc wsin k tan k¢ o+ Bp1p3 csc w sin k tan k
Mz,Ol 3N1M2 3N1
2csck sec k + 3 sec w (3 cos k cot k tan® w — sin k) 2
Ny Bai
6M2
N1 (2p3cosk + Njay sink) sec w
a 2M, :
Rs =0,
L= (iN; cos k — 8sink) seca)w3 B [N} (o1 +202) + o | sink sec
M, M,
Nip3COS Kk sec w 2
+ T,B — Myprp1 tanw + 3N (3N pr cotk — a) cot k tan” w
+ 32CM4p, — 6BM;5N, ps cotk tan® w — aBM3)
2M>p ’
6 =177 =a, 3 = —ipa, Tg = —2ips,
Tio = a, 11 = 2b, Tip = da. (67)

Theorem 11. The coefficients given in equation (67) respect only fourteen out of the fifteen
Az integrability conditions (16) (the one involving 1 is not satisfied). This proves that, as
expected, the symmetrically discretized KdV equation is not integrable.

5. Conclusions

We have shown in all details that the symmetric version of the discretized KdV equation is
A, integrable but not A; integrable. This is a very important result as it shows that also in
the case of difference equations the Aj integrability conditions are very restrictive. So also in
the case of discrete equations at this order, the integrability conditions are able to distinguish
an integrable from a nonintegrable equation. These results confirm the conjected theorem
presented in [12] that by multiscale expansion we can effectively prove integrability. Work is
in progress to present some results on a possible classification theorem for nonlinear equations
on the square.
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